We determine the Reidemeister and isogredience spectra of all crystallographic groups up to dimension 3. In particular we also find that there is exactly one 3-dimensional crystallographic group which has the R∞-property, but not the S∞-property.
Introduction
In this paper we will compute Reidemeister numbers (or the number of twisted conjugacy classes) of automorphisms of crystallographic groups. Reidemeister numbers find their origin in Nielsen-Reidemeister fixed point theory [14] , where they coincide with the number of fixed point classes of a self map of a topological space. Apart from this, Reidemeister numbers also have their importance in other fields such as Selberg theory, representation theory and algebraic geometry. We refer the reader to [7] and the references therein for more information on these aspects.
The Reidemeister spectrum of a group is the collection of all Reidemeister numbers when considering all possible automorphisms of that group. It turns out that for many groups, the only possible Reidemeister number is ∞. Such groups are said to possess the R ∞ -property. This is also the case for most crystallographic groups. E.g. in [4] it was shown that 207 out of the 219 3-dimensional crystallographic groups have the R ∞ -property. In this paper we will compute the Reidemeister spectrum for the remaining 12 cases. We will do the same for the closely related notion of isogredience numbers and spectra and the S ∞ -property.
In the next section we provide the necessary preliminaries on Reidemeister and isogredience numbers. Thereafter we do the same for crystallographic groups. In section 4 we determine which crystallographic groups in dimension ≤ 3 have the S ∞ -property. Section 5, which is the heart of the paper, contains the computation of all the non-trivial Reidemeister spectra. Finally, we summarize all our results in the last section.
Reidemeister and isogredience spectrum
In this section we introduce basic notions concerning the Reidemeister and isogredience numbers. For a general reference on Reidemeister numbers and its connection with fixed point theory, we refer the reader to [14] , while [16] is a good reference for isogredience numbers.
The Reidemeister number
Definition 2.1. Let G be a group and ϕ : G → G an endomorphism. Define an equivalence relation ∼ on G by ∀g, g ′ ∈ G : g ∼ g ′ ⇐⇒ ∃h ∈ G : g = hg ′ ϕ(h) −1 .
The equivalence classes are called Reidemeister classes or twisted conjugacy classes, and we will denote the Reidemeister class of g under the endomorphism ϕ by [g] ϕ . The set of Reidemeister classes of ϕ is denoted by R(ϕ). The Reidemeister number R(ϕ) is the cardinality of R(ϕ) and is therefore always a positive integer or infinity.
Definition 2.2. Let Aut(G) be the automorphism group of a group G. We define the Reidemeister spectrum as Spec R (G) = {R(ϕ) | ϕ ∈ Aut(G)}.
If Spec R (G) = {∞} we say that G has the R ∞ -property, and if Spec R (G) = N ∪ {∞} we say G has full Reidemeister spectrum.
The following lemma is pivotal in determining the R ∞ -property of crystallographic groups.
Lemma 2.3 (see [9, 10, 12] ). Let N be a normal subgroup of G and ϕ ∈ Aut(G), with ϕ(N ) = N . Ifφ is the induced automorphism on the quotient group G/N , then R(ϕ) ≥ R(φ).
From this we immediately obtain:
Corollary 2.4. Let N be a characteristic subgroup of G. If the quotient G/N has the R ∞ -property, then so does G.
We will also need the following lemma, which is easy to prove. Lemma 2.5. Let G = G 1 × G 2 be a direct product where both G 1 × {1} and {1} × G 2 are characteristic subgroups. Then Aut(G) ∼ = Aut(G 1 ) × Aut(G 2 ), and for any automorphism
Finally, we give a lemma that provides equality of Reidemeister numbers of different automorphisms of the same group. Lemma 2.6. Let G be a group and let ϕ 1 , ϕ 2 ∈ Aut(G). If either of the following holds:
The isogredience number
Definition 2.7. Let G be a group and ϕ : G → G an automorphism. Define an equivalence relation ∼ on the coset ϕ Inn(G) by
g , where ι g (h) = ghg −1 for all h ∈ G. The equivalence classes are called isogredience classes; the set of isogredience classes of ϕ Inn(G) is denoted by S(ϕ Inn(G)). The isogredience number S(ϕ Inn(G)) is the cardinality of S(ϕ Inn(G)) and is therefore always a positive integer or infinity.
Definition 2.8. The isogredience spectrum of a group G is the set
If Spec S (G) = {∞} we say that G has the S ∞ -property, and if Spec S (G) = N ∪ {∞} we say G has full isogredience spectrum.
The following lemma connects the isogredience number with the Reidemeister number.
Lemma 2.9 (see [7] ). Let G be a group and ϕ ∈ Aut(G). Then S(ϕ Inn(G)) = R(φ), wherē ϕ is the induced automorphism on G/Z(G).
Similar to lemma 2.5 we have the following corollary:
, and for any automorphism
Lemma 2.3 and lemma 2.9 give us these properties:
Corollary 2.11. For a group G and any automorphism ϕ ∈ Aut(G), we have:
3. if G has the S ∞ -property, then it also has the R ∞ -property, 4 . if G/Z(G) has the R ∞ -property, then G has both the R ∞ -and S ∞ -properties,
Crystallographic groups
The Euclidean group E(n) is the semi-direct product E(n) = R n ⋊O(n) where multiplication is defined by (
Crystallographic groups are well understood by the three Bieberbach theorems. We refer to [18, 3, 17] for more information and proofs of these theorems. The first Bieberbach theorem says that if Γ ⊆ E(n) is an n-dimensional crystallographic group, then its subgroup of pure translations T = Γ ∩ R n is a lattice of R n (so T ∼ = Z n ) and is of finite index in Γ. Moreover, T is the unique maximal abelian normal subgroup of Γ. Hence any crystallographic group Γ fits in a short exact sequence
where T ∼ = Z n is the unique maximal abelian and normal (hence characteristic) subgroup of Γ and F is a finite group called the holonomy group of Γ. Moreover Zassenhaus ([19] ) showed that any group Γ fitting in such a short exact sequence, with Z n maximal abelian in Γ and F finite, can be realized as a crystallographic group (i.e. there is an injective morphism i : Γ → E(n) for which i(Γ) is discrete and cocompact in E(n)).
Very often, however, it is easier to realize Γ as a group of affine transformations. Let Aff(R n ) = R n ⋊ GL n (R) where multiplication is given in the same way as for E(n). Then any n-dimensional crystallographic group Γ can be realized as a subgroup of Aff(R n ) in such a way that the group of pure translations R n ∩ Γ is exactly Z n (and not only isomorphic to it). It follows that any other element of Γ is of the form (a, A) for some A ∈ GL n (Z).
→ D denote the projection onto the linear part, then F ∼ = p(Γ) and hence we can always view F as a subgroup of GL n (Z). In fact F = {A ∈ GL n (Z) | ∃γ ∈ Γ : γ = (a, A) for some a ∈ R n }. In general, when we describe a crystallographic group Γ, we will always present it by giving a collection of generators in the following form
Here Z n stands for the subgroup of pure translations of Γ and is really the subgroup of Γ consisting of the elements (z, 1 n ) ∈ R n ⋊ GL n (R) where z ∈ Z n and 1 n is the n × n-identity matrix. Recall that for the extra generators (a i , A i ) we have that A i ∈ GL n (Z).
As we will be studying automorphisms of crystallographic groups, the following result, the second Bieberbach theorem, is crucial for us. 
Remark 3.2. Usually, the theorem above is formulated and proved in case Γ is a genuine subgroup of E(n). The statement follows easily from the usual statement using the fact that when Γ is realised as a subgroup of Aff(R n ), then it can be conjugated into E(n) (as any finite subgroup of GL n (R) is conjugate to a subgroup of O(n)).
From now onwards we will always assume that an n-dimensional crystallographic group sits inside Aff(R n ) and that its group of pure translations is Z n .
For completeness we mention that the third Bieberbach theorem states that for any positive integer n, there are only finitely many n-dimensional crystallographic groups up to isomorphism.
When ϕ is an automorphism of a crystallographic group, the first thing we have to check is whether or not R(ϕ) = ∞. The following result answers this question completely.
Theorem 3.3 (see [4] ). Let Γ be a crystallographic group with holonomy group F . Let
where we use the notations of theorem 3.1). Then
To simplify notation, we introduce the map | . | ∞ as
In the case of torsion-free crystallographic groups, there is a handy formula to compute the Reidemeister number of an automorphism. Theorem 3.4 (averaging formula, see [11, 15] ). Let Γ be a Bieberbach group with holonomy group F . Let ϕ : Γ → Γ be an automorphism such that
The last lemma in this section will be needed to compute the isogredience spectrum of a crystallographic group. Lemma 3.5 (see [13] ). Let Γ be an n-dimensional crystallographic group with holonomy group F and k-dimensional centre Z(Γ). Then Γ/Z(Γ) is an (n − k)-dimensional crystallographic group with holonomy group F and centre Z(Γ/Z(Γ)) = 1.
4 The R ∞ -and S ∞ -properties for crystallographic groups of dimensions 1, 2 and 3
The 1-, 2-and 3-dimensional crystallographic groups that do not have the R ∞ -property were determined by Dekimpe and Penninckx in [4] . It is easy to adapt their algorithm and perform similar calculations, to determine the crystallographic groups that do not have the S ∞ -property. The results can be found in table 1, where "BBNWZ" stands for the classification system used in [2] and "IT" stands for the classification system used in the International Tables in Crystallography [1] . For the sake of brevity, we will use the IT classification in this paper. A set of generators (inside the affine group) for all of these groups is given in the next section, where we will compute their Reidemeister and isogredience spectra. 
Calculation of Reidemeister and isogredience spectra
In this section, we determine the Reidemeister and isogredience spectra of the groups mention in table 1. We have made use of [8] , and in particular a script by B. Eick based on [5] , to calculate the automorphism groups.
The 1-dimensional case
1/1. This group is isomorphic to Z, whose only automorphisms are the identity id and ϕ : Z → Z : x → −x. Since Z is torsion-free, we may use theorem 3.4 to obtain R(id) = ∞ and R(ϕ) = 2, hence Spec R (Γ 1/1 ) = {2, ∞}. Since Z is abelian, the quotient Γ 1/1 /Z(Γ 1/1 ) is trivial and thus we find Spec S (Γ 1/1 ) = {1}.
The 2-dimensional case
2/1. This group is isomorphic to Z 2 , whose automorphism group Aut(Z 2 ) is isomorphic to GL 2 (Z). Now consider the one-parameter family (with m ∈ Z) of automorphisms
Since Z 2 is torsion-free, we may use theorem 3.4 to obtain R(ϕ m ) = |m| ∞ , hence the Reidemeister spectrum Spec R (Γ 2/1 ) is full. Since Z 2 is abelian, we find Spec S (Γ 2/1 ) = {1}.
2/2. This group is given by Z 2 , (0, −1 2 ) . We will need a few lemmas before we can calculate the spectra.
By M n (Z) (resp. M n (Z 2 )) we will denote the set of all n × n-matrices over Z (resp. Z 2 ). If B ∈ M n (Z) or b ∈ Z n , we will useB orb to denote their natural projections to
as the number of solutionsx over Z 2 of the linear system of equationsBx =b. Then we have the following:
Lemma 5.3. Define an equivalence relation on Z 2 , determined by a matrix B ∈ M 2 (Z) and a vector b ∈ Z 2 , where
The number of equivalence classes is then given by
Proof. It is obvious from the definition that
From this it follows easily that the equivalence class of x, denoted by [x] ∼ , equals
Moreover we have that either 
We now determine this number N . We have that x + Im(B) and −x − b + Im(B) are actually the same coset if and only if
We have to count for how many cosets x + Im(B)
We have that there exists a c ∈ Z 2 with z − z ′ = 2c. It follows that
from which we see that the choice of the lift z is of no influence on the coset x + Im(B). Hence every solutionz gives rise to a unique coset with representative x+Im(B) satisfying equation (2) . Note that if det(B) = 0, each solutionz produces a different coset: suppose by contradiction that two different solutionsz 1 andz 2 produce the same coset x + Im(B). This means there exist z 1 , z 2 ∈ Z 2 , with z 1 = z 2 , such that 2x + b = Bz 1 = Bz 2 , but then B(z 1 − z 2 ) = 0 and therefore det(B) = 0, which we assumed was not the case. So the number N of cosets x + Im(B) satisfying equation (2) is exactly O(B, b) when det(B) = 0. So in case det(B) = 0, we have that
If det(B) = 0, there are infinitely many cosets x + Im(B), so there are infinitely many pairs of disjoint cosets that together form one equivalence class, and at most O(B, b) cosets that form an equivalence class on their own. Hence E(B, b) is infinite and the formula above also holds in this case.
With these lemmas proven, we can now calculate the spectrum of Γ 2/2 . Proposition 5.4. The Reidemeister and isogredience spectra of Γ 2/2 are given by
Proof. Let (x, A x ), (z, A z ) ∈ Γ 2/2 , with A x , A z ∈ F , and ϕ ∈ Aut(Γ 2/2 ). Since the restriction of ϕ to the translation subgroup Z 2 is an automorphism, this restriction is a matrix in D ∈ GL 2 (Z) -this is precisely the matrix D in theorem 3.1. However, as the holonomy group consists only of scalar matrices, its normalizer is all of GL 2 (Z) -hence any matrix D ∈ GL 2 (Z) can appear as the matrix part of an automorphism. With the translation subgroup taken care of, we still need to determine the image of (0, −1 2 ). Clearly, this image must be (d, −1 2 ) for some vector d ∈ Z 2 . There are no restrictions on this d, since
This automorphism is then given by ϕ(
We find that
Thus a necessary requirement for (x, A x ) to be equivalent to (y, A y ) is that A x = A y . So an element (x, 1 2 ) and an element (y, −1 2 ) can never be in the same Reidemeister class. Now (x, A) ∼ (y, A) if and only if there exists some z ∈ Z 2 such that
where the first case corresponds to A z = 1 2 and the second case to A z = −1 2 . From the definition of E(B, b) in lemma 5.3, we obtain that
If either det(1 2 −D) or det(1 2 +D) is zero, then we have infinitely many Reidemeister classes, so assume from now on that neither determinant is zero. Note that
Conversely, assume that det(D) = 1. By lemma 5.3 we find that
Recall from lemma 5.1 that O(B, b) is odd if and only if det(B) is odd. Now consider the following cases:
(a) tr(D) = 0, then
Let us summarise what we have just done:
1. We can split the Reidemeister classes in two distinct groups: those with representatives having matrix part 1 2 , and those with matrix part −1 2 .
2. For each of these groups, we can start by looking at the cosets of 1 2 − D respectively 1 2 + D. We now show that all these Reidemeister numbers can actually be attained. To obtain an even Reidemeister number, consider ϕ m with
Finally, to obtain Reidemeister number 3, consider ϕ with
Since Z(Γ 2/2 ) = 1, the isogredience spectrum is identical to the Reidemeister spectrum.
2/13
This group is given by
which has holonomy F ∼ = Z 3 . We know that every ϕ ∈ Aut(Γ 2/13 ) has the form ϕ(γ) = (d, D)γ(d, D) −1 for some matrix D and some vector d. By calculating the automorphism group, we find that there are only 12 different such matrices D, which form the group
where D 6 is the dihedral group of order 12. Let us assume that ϕ((0, A)) = (d ′ , B) (with
For 9 of the matrices appearing in the automorphisms, we can show that the associated automorphisms have Reidemeister number R(ϕ) = ∞ using theorem 3.3. The three remaining matrices are −1 2 , −A and −A 2 . Due to lemma 2.6 (2), it suffices to calculate the Reidemeister number of automorphisms with D = −1 2 .
So, let ϕ be an automorphism given by ϕ(γ)
. This automorphism will map (0, A) to itself for any A ∈ F , therefore similarly to what we did for group Γ 2/2 , we have that if (x 1 , B 1 ) ∼ (x 2 , B 2 ), then B 1 = B 2 . We can also calculate that det(1 2 − D) = 4, det(1 2 − AD) = 1 and det(1 2 − A 2 D) = 1. The second and third determinants being one, means that all the elements (x, A) together form one Reidemeister class, and the elements (x, A 2 ) form another. By considering the twisted conjugacy with an element of the form (z, 1 2 ), it is easy to see that any element of the form (x, 1 2 ), i.e. the translation subgroup, belongs to one of the following Reidemeister classes (which need not all be different):
For simplicity, we will assume d = 0 (the other cases are similar and produce the same Reidemeister number). Taking then also into account the twisted conjugation with (z, A) and (z, A 2 ) we find that for all x ∈ Z 2 ,
hence [(0, 1 2 )] forms a Reidemeister class on its own, while the other three Reidemeister classes are actually the same. As a conclusion, we find that in total there are 4 Reidemeister classes: Spec R (Γ) = {4, ∞}. Since this centre of this group is trivial, Spec S (Γ 2/13 ) = {4, ∞}.
The 3-dimensional case
3/1 This group is isomorphic to Z 3 , whose automorphism group Aut(Z 3 ) is isomorphic to GL 3 (Z). Now consider the automorphism
Using theorem 3.4 we find that R(ϕ m ) = |m| ∞ , hence the Reidemeister spectrum Spec R (Γ 3/1 ) is full. Since it is an abelian group, Spec S (Γ 3/1 ) = {1}.
3/2
This group is isomorphic to Z 3 , (0, −1 3 ) . Just like for Γ 2/2 , we obtain that for any automorphism ϕ ∈ Aut(Γ 3/2 ), an element of the form (x, 1 3 ) can never be Reidemeister equivalent to an element of the form (y, −1 3 ), hence R(ϕ) ≥ 2. We will show that this is the only restriction and that any integer ≥ 2 and ∞ belong to the Reidemeister spectrum of Γ 3/2 . For this we consider for any m ∈ N 0 the automorphism
One easily calculates that elements (x, ±1 3 ) and (y, ±1 3 ) are equivalent if and only if
Solving this system for z gives
and since z ∈ Z 3 this requires that (2m+1)|(k 2 −k 1 ), so indeed the elements {((k, 0, 0) ⊤ , 1 3 ) | 0 ≤ k ≤ 2m} all form distinct cosets. The second condition for two elements to be equivalent can be reduced, in a similar fashion, to
For the elements of the form [(x, −1 3 )] ϕ , we have the same conditions but with the matrix 1 3 + D m instead of 1 3 − D m . However, this matrix has determinant 1, so there is only a single Reidemeister class. In total, we find m+2 Reidemeister classes: R(ϕ m ) = m+2, hence Spec R (Γ 3/2 ) = N \ {1} ∪ {∞}. Since Z(Γ 3/2 ) = 1, the isogredience spectrum is identical to the Reidemeister spectrum.
3/3
The group Γ 3/3 is isomorphic to Γ 1/1 × Γ 2/2 , where both factors are characteristic. Hence by lemma 2.5 we have that Spec R (Γ 3/3 ) = 4N ∪ {6, ∞} and by corollary 2.10 that Spec S (Γ 3/3 ) = 2N ∪ {3, ∞}.
3/4
The group Γ 3/4 is given by
We first introduce the following lemma:
Proof. Over Z 2 , the matrices 1 n − D and 1 n + D are identical, hence so are their determinants. So either both determinants are even, or both are odd. In both cases the sum of their absolute values is even.
Any automorphism ϕ of Γ 3/4 can be written as
and ε ∈ {−1, 1}. From theorem 3.4 we know that
Depending on whether ε is positive or negative, the fraction in the front is either 1 or ∞. So combined with lemma 5.5 we find that R(ϕ) ∈ 2N ∪ {∞}.
Consider the automorphism
Applying theorem 3.4 gives us that
The induced automorphisms on Γ 3/4 /Z(Γ 3/4 ) ∼ = Γ 2/2 are of the form
whered ∈ Z 2 consists of the first two components of d. SinceD can be any matrix in GL 2 (Z), we have that Spec S (Γ 3/4 ) = Spec R (Γ 2/2 ) = 2N ∪ {3, ∞}.
3/5
The group Γ 3/5 is given by
We find that Z(Γ 3/5 ) = e 1 and that for any automorphism ϕ, there exist
with ε ∈ {−1, 1} and
. If ε = 1, then using theorem 3.3 clearly R(ϕ) = ∞; so we are only interested in the case where ε = −1.
We have that Γ 3/5 /Z(Γ 3/5 ) ∼ = Γ 2/2 , and that the induced automorphismφ withφ(
−1 is of the form
Note that tr(D) ∈ 2Z hence R(φ) ∈ 2N ∪ {∞}. If R(φ) = ∞ we are done. If not, then for a given Reidemeister class [x] ϕ with representative x ∈ Γ 3/5 , we have that The question that remains is: when is x ∼ xe 1 ? This is the case when ∃z ∈ Γ 3/5 such that
Looking at the Reidemeister classes of Γ 2/2 , R(φ) contains
Reidemeister classes for which (4) 
Using the steps in the above proof, we may verify that R(ϕ m ) = 4|m| ∞ . Hence Spec R (Γ 3/5 ) = 4N ∪ {∞}.
As for the isogredience spectrum, we first show that R(φ) ∈ 2N \ {2} ∪ {∞}. We have already shown that R(φ) ∈ 2N ∪ {∞}, so we just need to explain why R(φ) cannot be 2. Consider the following two cases:
• m 3 ≡ 0 (mod 2). In this case, both | det(1 2 −D)| ∞ and | det(1 2 +D)| ∞ are multiples of 4, say 4a and 4b with a, b ≥ 1. Then
• m 3 ≡ 1 (mod 2). In this case, both | det(1 2 −D)| ∞ and | det(1 2 +D)| ∞ are multiples of 2, say 2a and 2b with a, b ≥ 1. Moreover, from the above proof we also know that
It can also be verified that for the automorphisms ϕ m above, one has that R(φ m ) = 2|m| ∞ + 2. Therefore we find that Spec S (Γ 3/5 ) = 2N \ {2} ∪ {∞}. For a permutation σ ∈ S 3 and ǫ 1 , ǫ 2 , ǫ 3 ∈ {−1, 1}, we define M σ (ǫ 1 , ǫ 2 , ǫ 3 ) = (m ij ) as the matrix such that m iσ(i) = ε i and m ij = 0 when j = σ(i). The holonomy group F is then given by
Note that A i A j = A k holds for distinct i, j, k, and A 2 i = 1 3 for all i. One may calculate the automorphism group of Γ 3/16 to find that any automorphism ϕ given by ϕ(
for some σ, ǫ 1 , ǫ 2 , ǫ 3 . Using theorem 3.3 we may verify that if σ is a 3-cycle and an odd number of the ǫ i are −1, then det(1 3 − AD) = 2 for all A ∈ F and hence R(ϕ) < ∞; and in all other cases R(ϕ) = ∞.
So let σ be a 3-cycle. Then for any element (x, A i ) ∈ Γ 3/16 with i ∈ {1, 2, 3} we have ϕ((x, A i )) = (y, A σ(i) ) for some y ∈ Z 3 . This means that if (x, 1 3 ) = (z, A)(y, 1 3 )ϕ((z, A) −1 ), then necessarily A = 1 3 . Combining this with det(1 3 −D) = 2, we know that the translation subgroup is fully contained in two distinct Reidemeister classes. Now, we show that any element (x, A i ) belongs to one of these two classes: It is the direct product Γ 1/1 × Γ 2/13 , hence using lemma 2.5 we obtain Spec R (Γ) = {8, ∞}. Since Γ 3/143 does not have the S ∞ -property, and Γ 3/143 /Z(Γ 3/143 ) ∼ = Γ 2/13 , we obtain Spec S (Γ 3/143 ) = {4, ∞}. This induces the automorphismφ on the quotient, whereφ(x) = (0, −1 2 )x(0, −1 2 ), of which we know that R(φ) = 4, hence Spec S (Γ 3/144 ) = {4, ∞}.
Conclusion
We have calculated the Reidemeister and isogredience spectra of the 1-, 2-and 3-dimensional crystallographic groups. The results can be seen in Table 2 : Non-trivial Reidemeister and isogredience spectra of the 1-, 2-and 3-dimensional crystallographic groups
In particular, we found a crystallographic group (IT 3/5) for which the inclusion Spec S (Γ) ⊆ Spec R (Γ/Z(Γ)) is strict, and a crystallographic group (IT 3/144) that has the R ∞ -property but not the S ∞ -property.
